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Abstract. We consider one-dimensional n-state quantum chains having as symmetry an
Abelian group A of order n (generalised Ising chain). These Hamiltonians depend on
2(n—1) coupling constants. For special values of the coupling constants the symmetry of
the quantum chains is larger than A corresponding to a (in general non-Abelian) group
G with m elements (m > n). For each element of G we find explicitly a boundary condition
which leaves the Hamiltonian translationally invariant. This problem is relevant in finite-
size scaling studies at the critical point of a second-order phase transition.

1. Introduction

In this paper we consider one-dimensional n-state quantum chains which are defined
on arbitrary Abelian groups A of finite order [1]. We want to investigate realisations
of boundary conditions (Bc) which are compatible with translational invariance
(toroidal Bc: TBC) of Hamiltonians belonging to n-state quantum chains. Consider-
ations of different TBC are, for example, of interest in connection with investigations
of finite-size spectra of one-dimensional n-state quantum chains in the infinite-volume
limit at a critical point of a second-order phase transition. The finite-size spectra of
these chains hint at irreducible and unitary representations (irreps) of two commuting
Virasoro algebras with the same central charge ¢ [2-9]. (The Hamiltonian of the
quantum chain is supposed to be parity conserving.) Anirrep of these Virasoro algebras
is labelled by a scaling dimension x and a spin s of a corresponding scaling operator
[2,9,10]. Operators of various spin s are realised by choosing appropriate TBC.
Periodic BC in particular would enforce the appearence of only integral spins. The
full operator content of a given model can only be extracted by choosing several
different TBC [6].

We are interested in finding an explicit representation for TBc for n-state quantum
chains. To this end it is natural to exploit the relationship of these one-dimensional
quantum chains (via transfer matrices) to two-dimensional Lagrangian systems [1].
To find TBC for two-dimensional Lagrange systems is a well known [11] and straightfor-
ward matter. The determination of the explicit form of Tc for n-state quantum chains
also becomes simple through hints from the Lagrangian system. The result of the
calculation is that TBC are introduced on the spin configuration space of n-state quantum
chains by a similarity transformation given by a certain representation of the global
symmetry group of the Hamiltonian considered. It turns out that this result is valid
for all one-dimensional quantum chains with at most nearest-neighbour interaction.
(It is valid also for those models which have no evident two-dimensional Lagrangian
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counterpart.) On the other hand it is useful to introduce TBC to n-state quantum chains
in a basis-independent manner. We show that this can be done for a certain class of
symmetries of the Hamiltonians.

The paper is organised as follows. We briefly describe in the following section
(§ 2) Lagrangians with TBC and a r-continuum limit [1, 12] which results in Hamil-
tonians coinciding with special n-state quantum chains. This way one gets in an explicit
manner TBC for a slightly restricted class of Hamiltonians which correspond to sym-
metries of the original Lagrangian. In § 3 we introduce general n-state quantum chains
(which appear here as generalisations of those Hamiltonians obtained in § 2) and give
a basis-invariant formulation of TBC as mentioned above. In § 4 we compute the
possible TBC of a Z; model having as symmetry group Z,1Z,!Z,. (‘" denotes here the
wreath product of groups.) We present a table of the conjugacy classes of the Z,!Z,1Z,
symmetry. (The finite-size spectra depend only on conjugacy classes.) Section 5
contains our conclusions.

The Z; model with Z; BC has already been investigated [8]. There it was shown
by numerical methods that the model has a second-order phase transition at a certain
temperature. Calculations based on TBC different from Z; will be presented elsewhere.

2. 1BC for r-continuum Hamiltonians

Two-dimensional Lagrange systems with short-range interaction are defined in generali-
sation to the Ising model on arbitrary finite Abelian groups A, so that the system is
invariant under A translations. In character parametrisation the action S is [1]

M N

S= Z Z aL(h,u,,V_hp,v+1)+bL(hu.,»_hy.+],V) (21)
p=1v=1

L(h)=7Y ax'(h) h,.,he A

r=0

M, N denotes the size of the two-dimensional lattice and ‘a,’ are coupling constants.
The parameters a and b describe an anisotropy of the couplings which will become
relevant for the Hamiltonian limit we want to consider. h,, and h are elements of
the group A and x"(h) labels the character functions of the non-trivial irreps of A.

We choose periodic BcC in the u direction (the u direction will become the time
axis of the Hamilton version of the model (2.1)):

hM+1,»:= hl,y- (2.2)

In the v direction we choose the boundary to be

honai=1v(h,,) (2.3)
where vy is a symmetry of L so that
L(hy=hy) = L(y(hy) = y(h3)) (2.4)

for arbitrary h,, h,€ A. y is supposed to map A bijectively onto itself.

We want to show that the Lagrangian (2.1) together with the Bc (2.2) and (2.3)
forms a translational invariant system. We introduce for this purpose an operator
which generates translations. Let K :={k, .}, k, , € A be a configuration of spins. We
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denote the configuration obtained by (twisted) translation of K in the u direction (v
direction) by T*K (T"K):

Kk i1, ifu®rM
" =40 2.5
(T*K),.. {k o 25)
k ifv#EN
T'K B TR 2.6
( i {y(k#‘l) if v=N. (2.6)

One immediately verifies that the action (2.1) with the Bc (2.2) and (2.3) is invariant
under translations. This remains true if the model is reformulated in the transfer matrix
language in which the u direction is chosen to be the time axis. Translational invariance
in the p direction is, in the transfer matrix formalism, expressed by the fact that the
system is described by a single transfer matrix, while translational invariance in the v
direction is a consequence of the fact that the transfer matrix commutes with an
operator T” being the counterpart of the operator (2.6) which generates in the
Lagrangian formalism translations in the v direction. As our considerations are
completely independent from the anisotropy introduced in the action (2.1) there is no
reason to doubt that the transfer matrix remains translationally invariant even in the
extreme anisotropic limit (7 continuum limit) which defines special n-state quantum
chains. It should therefore be possible to recognise the general form of TBc, at least
for the n-state quantum chains corresponding to the transfer matrices which we consider
here.

To define the transfer matrix in the 7-continuum limit we have to consider the
partition function Z corresponding to the action (2.1)

Z=Y exp{-S} (2.7)
config

in the limit b > 00 and a > 0 where the limit is taken so that A = a - exp{b - k;} remains
at a fixed value. Here k, denotes the minimum of L(h) over A and 6 denotes the
subset of A where L(h) = k,. Since it is well known how to perform this 7 continuum
limit (see, e.g., [1, 12]), we restrict ourselves to summarising the results. (For details
see [1].) We get the following Hamiltonian H,:

N N-1
Hy=-% ) oﬁ—A( Y Yalll,+} a,rrwrm)) (2.8)
v=1 hed v=1 r#0 r=0
where
l=18..010¢"® 1®...®1
(——
vth position
M=1..01I'® 1®...®1
[
vth position
Fi(y)=TI"(y)®1®...81

and o” I'" and I'"(y) are operators defined on the n-dimensional (n is the order
of the finite Abelian group A) space of functions defined on A with range in the
complex numbers C. A natural base in this space is given by B=
{eg:A> Cle,(h)=58(g—h)g, he A}. The effect of the operators o",T'" and I'"(y) on
the base B is

ole,=e,_, Ie,=x"(g)e, g heA;e,ecB (2.9)
where x'(g) label the characters of the irreps of A.
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Finally the boundary term is given by
T"(y)=x"(v(g))eg
=U'(I"U(y)e, (2.10)
U(y)e, = ey (2.11)

where U(y) is nothing but a permutation of the base B.
The translation operator T® (2.5) in the v direction belonging to the BC (2.3)
becomes, in the transfer matrix language,

T"=U{y)T. (2.12)
T is the translation operator of periodic BC and explicitly given by

T(e®.. ®egn) =en@e€n®. . . Denoy (2.13)
and U,(y) is defined by

Uy =U(y)®1®...®1. (2.14)

One easily verifies that T” and H, in fact commute with each other. One has to
use for this purpose the identities

0=LZG o, ff(y)] =[§0 a,IT5, L‘J(y)}

N (21%)
Uly)= Q Uy

which are consequences of the fact that y is a symmetry of the Lagrangian L.

Equations (2.10)-(2.12) together with (2.15) solve the problem of TBC for the
Hamiltonians given by (2.8). More general Hamiltonians will be considered in the
following section.

3. General n-state quantum chains

Using the same notation as in § 2 we define general n-state quantum chains in agreement
with {1] by

N
H=-Y ( Y bl +A Y a,I‘;I‘;ﬂ>‘ (3.1)
j=1 \heA\{0} r#Q

The generalisation in comparison with (2.8) consists in the introduction of arbitrary
coupling constants {b,} for the one-site terms. We start with periodic BC:

N =T (3.2)

which obviously belong to TBc. The symmetry of the Lagrangian system played, as
we saw in § 2, a crucial role for the definition of TBC. We investigate therefore the
invariance group of the system (3.1).

The system is, by construction, invariant under A translations:

O(hyo" O (h) = o, O (WITL, Uh) =TT,
L'J(h):@:)1 U(h) (3.3)

U(h)eg = €, U'(h)e, = e, g, heA,eeB
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It might happen that the symmetry of the Hamiltonian is greater than the group A.
In order to determine further symmetries of the Hamiltonian (3.1) we consider two
particular Lagrange systems (3.4) [1] living on the same Abelian group A as the
Hamiltonian chain. These Lagrange systems are given finally by the coupling constants
{a,} =0 and {b,},ca defining the quantum chain (3.1). The Lagrange densities Lo, L
of these Lagrangian systems are

Lo= ) bs(g—h) Le=Y ax'(g) (3.4)

he A\{0} r=0

where L, is given in the so-called orbit parametrisation and obviously corresponds to
that part of the Hamiltonian (3.1) which does not depend on A, while L. is given in
the character representation and corresponds to the term of the Hamiltonian (3.1)
which is linear in A. We consider these Lagrange systems since there is a relationship
between their invariance groups and the invariance group of the Hamiltonian chain
(3.1). This relationship is established by a mapping which associates with each
permutation y acting on the group A an orthogonal transformation U(y) defined on
the n-dimensional spin space of the Hamiltonian chain (3.1). If y is any permutation
of the group elements of A we define U(y) by

U(‘y)eg=e.,(g). (3.5)

If we choose y to be an element of the symmetry group G, (Gc) of the Lagrangian
Lo (Le), f](y) =®,/L, U(y) commutes with the part of the Hamiltonian to which the
Lagrangian L, (Lc) is related. A symmetry of the entire Hamiltonian has to commute
with both parts of the Hamiltonian. This will automatically be the case if we choose
the symmetry vy to be in the intersection Gy of the symmetry groups G, Go. So we
have

[ Y bk, 0(7)] = [ Y oIy, 0(7)] =0 y€Goc.  (3.6)
he A\{0} r=0

One easily recognises in (3.6) the generalisations of the equation (2.15). We conclude
that we can write TBC for each element of G belonging to the invariance group of
H, simply by using the expressions (2.10)-(2.12) for y€ Goc.

N = Ul U(y)
T"=U/(yT.

The form of these TBC has the drawback that they are defined in respect to a special
base, and they are rather remote from other more familiar TBc. Therefore our next
aim is to show that both objections can be removed for those symmetries of the
Hamiltonian chain which belong to Gor. We will show that TBc can be given for
these symmetries in the common basis invariant form as linear combinations of the
operators I'7 [3,7]:

N+1= Y DVTY. (3.8)

r'=0

(3.7)

One has to use the following orthogonality relations to this end, valid for Abelian and
finite groups A of order n [13]:

th X" (h)x""(h)=ns,, (3.9)

Y x'(@)x " (h)=nd(h-g) hgeA (3.10)
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where x"(h) are the characters of the irreps of A, as defined before. These relations
yield:

U'(T'U(y) =x"(v(g))e,

=Y x'(y(h)8(h—g)e,
heA

-y Y ox (y(M)x"(h)x"(g)e,. (3.11)
r N heA
We may rewrite (3.11) as
U'(y)I'U(y) = ;O D™ (y)r” (3.12)
where
. 1 .
D"’(7)=;hZAX’(7(h))X’ (). (3.13)

Equation (3.13) may be regarded as the main result of this paper. We have managed
to make contact to the more familiar basis-invariant form of the TBc. It can be shown
in general with help of the orthogonality relations (3.9) and (3.10) that the set of
matrices D(vy), with y being a symmetry element of the n-state quantum chain form
a unitary, not necessary irreducible, but faithful representation of the invariance group
of H. This property of the boundary conditions was previously observed in special
cases, e.g. in the four-state Potts model [7] or in the XXZ model [14]. This latter
model is not contained in the system we considered.

4. An application

The model which we want to consider here is given by equation (3.1) specialised to
the group Z;. We demand in addition that the coupling constants satisfy certain
relations:

A>=dq4= Qg (41)
a,=ay=as=ay.

This Hermitian model has been investigated in [8] where it was stated that it is
conformally invariant for the temperature A taking the value one. The Virasoro charge
¢ was found to be 1.3...[8].

The symmetry of this model is determined by the Lagrangian L. as introduced in
§ 3. This can be seen by rewriting this Lagrangian in orbit parametrisation. The
comparison of the two Lagrange densities L~ and Lo leads to the conclusion that the
orbits of the Lagrangian L. are contained in the orbits of L, so that each symmetry
of L¢ is also a symmetry of L,. This confirms our statement. The symmetry group
is Z,1Z,1Z,, where ‘U denotes the wreath product of groups [1, 15). The group is
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generated by the following four permutations acting on the group Zs:

g, =(01234567) 2.=(17)(26)(35)

(4.2)
g:=(1357) g2.=(37).

g, generates Z; translations and g, charge conjugation and both generate the dihedral
group Dg for which TBC are known. Each element g of Z,1Z,1Z, can be represented
by

§=21878381 I, m, n, o integers. (4.3)

The order of this group is 128. A careful investigation of the group Z,1Z,1Z, shows,
that it contains two Z,&®Z,® Z, acting transitively on Z;. From the existence of such
a subgroup (Z,®Z,® Z,) of the invariance group of the Hamiltonian follows that this
Zs model is isomorphic to a model defined on the Abelian group Z,®Z,®Z, [16].
This isomorphism may be realised, for example, by the following map:

Zg 72,072,827,

0 o 000

1 o 100

2 o 001

] o 010 (4.4)
4 o 111

5 o 011

6 o 110

7 o 101.

The classification of models defined on Z,®Z,®Z, has already been done in [1]. A
comparison with the table given in [1] yields the Z,1Z,1Z, invariance of the model.

The 20 conjugacy classes of Z,1Z,1Z, are given in table 1. From (4.3) and the
homomorphism property of the representation D of the invariance group Z,1Z,1Z,
stated in § 3 one infers that the 128 TBC may be represented in terms of four basic
matrices:

D(g)=D(gig7g383) = D(g,)'D(g,)"D(g;)"D(g.)°. (4.5)

As the spectrum of the Hamiltonian system (3.1) only depends on the conjugacy class
which the group element determining the TBC of the quantum chain belongs to, one
has to consider only one arbitrary TBC for each conjugacy class. Consequently only
20 TBC are relevant for computations. Suitable representatives of the conjugacy classes
may be selected out of table 1. Using that the characters of Z; are given by

x'(h)=w w=exp{i-zz}=17_-;—i rhe{0,...,7} (4.6)

8
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Table 1. Conjugacy classes of Z, Z, Z,

Order of Number of
Conjugacy class elements elements
1 1 1
845 83845 828384 81828184 2 4
85 8183 8%gs 4 4
8:84; 83845 818284 81828384 2 4
g5 gies 2 2
£ 8:83; 8122 838:87; 21825 212283 81225 818283 2 8
2:84; 8283845 818384 8183845 818384, 218584
g18.8384: 81828, 4 8
£:8:; 8283 812283 €1828; 2 4
828384 81845 818384 81228384 2 4
815 818:83 81835 818283 €1 818283 81835
£18:83; 815 818:855 £183; £18283; 815 8182835 8 16

8183 818283

£184} 317828334; gig‘a; 8?8283343'. 2384: 218:8384;
2184; 21828384 g|g§g4; 818:8384; 8183843 4 16
B1828:84) 8183845 818283845 £18384; 81828384

£:85; 8:8:87; 2183; 818:83; 21855 818.83 glgd;
g12:83 4 8

2183843 g%gzgiga; gggsg4; 21828, ;7gfg3g4; gfgzzgig4;
2183843 8182845 818384 8182845 8183845 81828384 4 16
219384 812284 8183845 81828384

£183; 81825 81835 81823 81835 81825 81835 818> 2 8
g1 gigd; b 8783 4 4
8184 818384 8723845 £384: 81228384, 81828384

298:8384; 83828384 4 8
218 8583 8123; 818 4 4
212:23; 818283 818:83; 80285 2 4
81828384 8782843 818:84; 818384 2 4
g1 2 1

one yields the following matrices:

[S3
w

O OO

A(g) =

w
-

coococoog
coooof o
cof cococooo
Eooococoo

cocoocof oo
)

cocof

cof oocoo
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000 00 O0 1
0000010
0000100

A(g)={0 0 0 1 0 0 O
0010000
0100000
1 00 0000
aa+n o 0 0 H1-1) 0 0
0 0 0 0 0 1 0
0 0 a1-i) 0 0 0 (141

A(gy) = 0 0 0 1 0 0 0
-1 o0 0 0 3i+i) © 0
0 1 0o 0 0 0 0
0 0 i1+i) 0 0 0 1-1)
Lo -4 0 } o 4
0 1. 0 0 0 0 O
i oo 2 o0 =% o0 3

Agd={0 0 0 1 0 0 0
Lo 4 0o 1 o0 -4
0 0 0 0 0 1 0
-4 0 4+ o 4 o0 3 (4.7)

One recognises the common TBC generated by D(g,), D(g,) corresponding to Dg [2, 3].

5. Conclusion

We presented a detailed investigation of TBC for n-state quantum chains defined on
finite groups. Starting from the classical two-dimensional Lagrange formalism in § 2,
we discussed the introduction of TBC by performing an anisotropic continuum time
limit. We derived expressions for TBC and their corresponding translation operator in
the Hamiltonian picture. These expressions could easily be represented by permuta-
tions U(y) of the base B={e,|e,(h)=5(g—h)g, he A} of the n-dimensional spin
space belonging to the Abelian group A where the Hamiltonian H is defined on:

[ =Ui(WTIU(Y) T"=Uf(y)T (5.1)

where T is the translation operator of periodic Bc. U,(y) acts on the first site of the
lattice through U(y). vy is a symmetry of the original Lagrange system. The result
was extended to more general Hamiltonians in § 3. Equation (5.1) is valid even for
the general n-state quantum chain as defined in § 3 (3.1).

Although the TBC (5.1) are rather natural, because they can be interpreted geometri-
cally as having closed the chain up to a rotation in the spin space, (5.1) seems not to
coincide with convenient TBc. We discussed this problem in § 3 and derived a basis-
invariant formulation of (5.1) for symmetries of n-state quantum chains which are
associated with permutations U(y) of the base B. This formulation agreed, for special
symmetries U(D,,), with the known tBC of Z, models with D,, symmetry. The
possibility to define TBC basis-independent reflects the fact that (5.1) can be written
as a linear combination of the matrices I'{. So we have the following explicit formula
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for TBC:

I =U(pIU(y)= Y D"(y)I" (5.2)

r'=0

where D(y) is given here by

D" (y)== ¥ x"(y(M)x""(h) (53)
N hea

where x"(g) are the n characters belonging to the irreps of the Abelian group A of
order n. The fact that the TBC (5.1) can be given basis invariant by (5.2) is a consequence
of the relationship of the considered symmetry group of the Hamiltonian to that of
Lagrangian systems.

The formula (5.3) represents the main result of this paper. It reflects in a simple
and basis-invariant form the connection between the global symmetries of the Hamil-
tonian and possible TBC.

In § 4 we gave an application to a Z; model with Z,1Z,1Z, symmetry.
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